Tethered kite technology promises the enable the efficient extraction of energy from high altitude winds. One possible concept for converting the wind energy into electricity is to generate useful work at the ground by using a tether. The tether is able to drive a generator in one of two ways: either the tether is wound and unwound, or the tether is attached to a lever arm that creates a torque on the generator. The latter concept, which uses a vertical axis generator, is explored in this paper. A simplified dynamic model of the system is used to optimize the kite motion to give the maximum power generated per operating cycle. The results show that the average optimal power generated per cycle is proportional to the kite area and the cube of the wind speed. Experimental results of a remotely controlled kite are also briefly reviewed.
I. Introduction
IGH altitudes are beneficial for energy production due to the average speed of the wind being much larger than at ground level. [1] [2] [3] However, it is not easy to extract energy from high altitudes due to construction costs associated with conventional wind energy systems, such as turbines. An alternative concept to placing a generator at high altitudes [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] is to attempt to mechanically drive a ground-based generator using an aerial system. 2 One such system is the Laddermill, [21] [22] [23] [24] [25] which proposes to use a train of kites on a cable. The kites are flown in a way that generates high tension, thereby pulling the cable off a drum, which in turn drives a generator. Changing the kite flight dynamics to reduce the tension when the cable is reeled in allows net energy to be produced over an operating cycle. [26] [27] The Laddermill concept shows considerable promise. Ref. 27 demonstrated that the optimal power is generated by flying the kite across the wind, 28 which generates substantially more power than flying the kite within a single plane. 
II. Dynamic Model of a Tethered Kite System on Rotating Base
To study the capability of generating continuous power using a vertical axis generator, we develop a simplified model that captures the effects of a maneuvering kite connected to a rotating base. For simplicity, we derive the case where one tether is connected to the system, but the extension to additional kites and tethers is straightforward. A representation of the system is shown in Fig. 2 . The kite is modeled as a point mass with lift and drag forces. In this preliminary analysis, tether mass and drag are ignored, but these are relatively easy to incorporate. However, there presence tends to slow the computations, without significantly altering any major conclusions. Hence, for the sake of efficiency over precise accuracy, tether mass and drag are not included.
The main rotating base is assumed to have a rotational inertia denoted by J . The tether is connected to the system at a radius R from the center of rotation. An inertial coordinate frame is used which is attached to the center of the generator, O . The axes are defined such that the x -axis points in the direction of the wind, the z -axis points vertically upwards, and the y -axis completes the right-handed triad. The angle of rotation of the lever arm is denoted by γ , measured relative to the inertial x -axis. The position of the kite is obtained relative to the end of the lever arm by the angles θ and φ . The angle θ is measured relative to the vertical in the direction tangential to the lever arm, and the angle φ measures the displacement normal to the lever arm, positive in the direction of rotation. 
The direction of the tether is defined in the local lever arm axis system as shown in Fig. 3 . Hence, the direction of the tether may be written as
The position of the tether tip in the rotating lever frame is given by
where L is the tether length. Using the definition of the tether angles, the position of the kite in the inertial coordinate system is given by sin cos cos sin 0 sin cos 0 sin
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The Lagrangian of the system is obtained as a combination of rotational energy due to the lever arm, translational energy from the kite, and potential energy from the kite. This can be expressed as
The coupled equations of motion are derived using the standard form of Lagrange's equations as follows
The tether length is assumed to be a controlled input via the length acceleration L . Hence, the equation of motion that represents the variation in tether length is used to calculate the tension in the tether. This is important because 2  2  2  2  2  2   2  2 2   sin  2  2  cos  2  sin cos  2  cos cos   2  sin sin  2  cos cos  2  cos cos sin  2  cos cos sin   sin  2 cos cos sin sin
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The generalized forces that appear in Eqs. (10) through (13) arise from the lift and drag forces on the kite, as well as the resistance created as the generator extracts energy from the system. These forces must be included in the model to enable the system to be simulated. It should be noted that the model derived is quite general and can also be used to simulate a static base kite system, i.e., by setting 0 γ = . For efficient implementation, it is possible to analytically solve for the second derivatives of the generalized coordinates in Eq. (8) . However, the resulting equations are too complex to be presented here.
A. External Forces

Kite Lift and Drag
The kite is assumed to be controlled by manipulating its angle of attack and roll angle. Thus, in this study, its attitude dynamics are ignored. This is the approach that was taken in Refs. 26 and 27, and is also the approach currently used for trajectory optimization for aircraft. A more detailed kite model based on a series of flat plates hinged at the leading edge is presented in Refs. 29 and 30. The incorporation of more representative kite models into the system model presented here is the subject of future research.
The lift and drag forces due to the kite are derived using a velocity coordinate system, as shown in Fig. 4 .
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Fig. 4 Lift and drag forces on kite.
The vector in the inertial frame that defines the plane containing the drag force and the velocity vector is given by
where [sin cos cos sin sin , sin cos sin sin cos , cos cos ]
is a vector tangential to the cable, rel k w = − v R v is the kite velocity relative to the wind, and w v is the wind vector. The lift force, when the velocity roll angle is zero, is parallel to the vector
Hence, the lift and drag force vectors are defined according to
The lift and drag forces are converted into generalized forces by means of the principle of virtual work, i.e.,
It should be noted that the roll angle has been arbitrarily defined to be relative to the local tether direction, rather than relative to the inertial axes.
Torque Due to Power Generation
When the rotating shaft is used to generate power, it creates a torque that opposes the motion. This torque is modeled as a function of the power level, P . The power level is related to the torque and the instantaneous angular velocity via
Hence, for a given power output, the dissipative torque on the shaft is computed as
where for simplicity we have assumed a perfectly efficient process. This does not alter the dynamics in any way. The contribution of this torque to the dynamics is computed as
In reality, there will be friction in the system that will also dissipate rotational energy. However, this is ignored for the study undertaken here.
III. On Kite Dynamics and Estimation
For any of the proposed kite energy systems to become a reality, it will be necessary to develop sophisticated control systems for maneuvering the kite(s). This means that a reliable model of the kite dynamics will be required. A series of data gathering tests with the kite remotely piloted by a joystick has been undertaken by Delft University. At the time of writing, initial tests were conducted that measured the inputs to the kite (attachment point positions), 29 as well as the tether tension vector via a ground based load cell. In order to generate useful kite characteristics, the effect of the tether dynamics must first be removed from the results. This section briefly describes the filtering process used to achieve this. The filtering approach is directly applicable to the rotating kite used in this paper.
A. Coupled Kite and Tether Dynamics
A similar model to that derived in Section II of this paper is used as the process model for the tether/kite system, except that tether mass and drag are taken into consideration. The tether is modeled as a straight inelastic rod with uniform mass. The tether ground station is stationary and the wind direction is assumed to be constant. Details of the tether modeling can be found in Ref. 27 . To filter the results, we seek to separate out the effects of the tether from the kite. Hence, we model the kite as a point mass subject to forces in the inertial x , y , and z -directions. These forces and the wind speed are treated as Gaussian white noise processes. The goal of the filter is to take the tension measurements and wind speed estimate from the ground station to produce an output of the tether dynamics together with the kite force estimates. An unscented filter is used to perform the filtering due to its ability to converge from very poor initial state estimates.
B. Unscented Filtering
The unscented Kalman filter was developed by Julier and Uhlmann 31 and assumes a discrete time process model of the form . For the results in this paper, the continuous system is converted to a discrete system by means of a fourth-order Runge-Kutta method.
In the following, the process and measurement noise is implicitly augmented with the state vector as follows
The first step in the filter is to compute the set of sigma points as follows
where ˆa x is the mean estimate of the state vector, k P is the covariance matrix, and the parameter γ is defined by
+ − is a scaling parameter, with the values of α and κ selected appropriately, and L is the size of the vector ˆa x . The sigma points are then propagated through the nonlinear dynamics as follows
The predicted mean for the state estimate is calculated from
where
The covariance matrix is predicted forward by
Next, the propagated sigma points are augmented by
(31) The augmented sigma points are propagated through the measurement equations
The mean observation is obtained by
The output covariance is calculated using
The cross-correlation matrix is determined from
The gain for the Kalman update equations is computed from
The state estimate is updated with a measurement of the system k y using
and the covariance is updated using
These equations are implemented in MATLAB and the filtering process is performed offline. In the future, the filter will be used online to produce estimates in real-time.
C. Numerical Results using Real Kite Measurements
Data was gathered from a flight test where the wind was measured to be steady at approximately 7.5 m/s. The tether length is 68 m, the kite mass is 5 kg, and the tether diameter is 2.5 mm. The drag coefficient of the tether is taken to be 1. predicts at a rate of 1000 Hz with measurement updates when available, is shown in Fig. 5b . The 3σ bounds as predicted by the filter are also shown (dotted lines). When the measurement data is not available for an extended period, the uncertainty in the tether states grows rapidly, corresponding to the divergence of the predicted trajectory. This is due to the lack of control inputs into the model, since the entire filtering process relies upon the tension measurements. The estimated kite forces are shown in Fig. 5c , which shows that the force estimates remain static without any tension observations. The results illustrate that most of the tension forces are due to the kite. However, the tether does contribute several hundred Newton's of force during maneuvers due to the high relative winds, which is the reason for removing its effect by using the filter. The estimated wind speed is shown in Fig. 5d , which suggests that the wind speed was moderately constant at between 7.5 and 8 m/s. Fig. 5e shows the resulting force coefficients of the kite by using the relative wind speed at the kite location as the nondimensionalization velocity. These estimates show reasonable values for the force coefficients. These results will prove useful in deriving appropriate realistic aerodynamic models for the kite.
IV. Kite Trajectory Optimization
One of the goals of this paper is to examine the ability of the system to generate power. The wind speed and direction is specified and assumed to remain fixed during an optimization. Any fluctuations in the wind speed are assumed to be handled via feedback. However, feedback control for the kite is an important issue. Possible approaches based on receding horizon control were implemented in Ref. 27 . The objective is to maximize the average power output of the system, i.e., minimize the cost 
and the path constraint on the tether tension
The kite pseudo control inputs are constrained as follows 
The periodicity constraints ensure that the trajectory repeats each orbit with a period defined by 0 f t t − . The initial time is constrained arbitrarily to be 0, and the final time is free to be optimized.
It should be noted that the problem formulated above is the ideal one that we wish to solve. However, in practice it is necessary to augment the problem slightly due to numerical difficulties. Hence, constraints must be placed on the variation of the states, i.e., min max ( ) t γ γ γ ≤ ≤ . This constraint prevents divide by zero in Eq. (19) . In addition, the optimization of the power level is achieved by introducing an additional state variable and control input as follows
The power rate is included in the cost function with a small weight to prevent sudden changes in the power output and dissipative torque.
A. Solution Technique
The Legendre pseudospectral method has its origins in fluid mechanics 32 and was first applied to optimal control problems by Elnagar et al. 33 Since then, various important properties of the method have been shown to exist, such as convergence, 34, 35 as well as the commutivity between discretization and dualization under particular conditions. 36 Apart from these developments, the approach yields particularly simple forms for the discretized Jacobian. This is a consequence of approximating the vector field and tangent bundle separately. This has the advantage that analytic derivatives can be derived in a straightforward manner, making real-time computations possible when combined with fast nonlinear programming solvers. The states and controls are expanded based on Lagrange interpolating polynomials
The coefficients ( ), ( ) . The Lagrange interpolating polynomials are defined by
The state derivatives are approximated by analytically differentiating Eq. (44) and evaluating the result at the LGL points with the result expressible in terms of the differentiation matrix D , whose components are defined by 
The derivatives are easily expressed by the following relationship 
Finally, the integral cost function is discretized via a Gauss-Lobatto quadrature rule so that
where j w are the Legendre-Gauss-Lobatto weights defined by
The process mentioned above is automated in the software DIRECT 37 written by the first author. This software is a MATLAB interface to the solver SNOPT, 38 which implements a quasi-Newton algorithm.
V. Numerical Results
A. Nominal system
Optimal power generating trajectories were generated for a nominal configuration where a large rotational inertia of the base generator is assumed to be 10 6 kg.m 2 . The radius arm to the attached tether is assumed to be fixed at 10 m. In the trajectories generated in this paper, the tether length is held fixed at 1000 m. Future work should consider the case where the tether length is allowed to vary. The wind profile follows the form defined by
(1 exp( / 900))
, where h is the kite altitude in meters, and w v is the "wind speed". The air density is assumed to be fixed at 1.225 kg/m 3 . The minimum allowable tether tension is 5 N, and the maximum absolute rate of change of angle of attack and roll angle is 5 deg/sec. The maximum angle of attack is 10 deg, and the maximum absolute roll angle is 30 deg. The kite aerodynamic characteristics are assumed to be 4.4
The nominal kite area is 25 m 2 with a mass of 50 kg. The wind speed for the nominal profile is 15 m/s. In solving the optimal control problem via numerical methods, it is possible that the solution obtained can be a local minima. Therefore, it is necessary to start the optimization from different initial guesses. Nevertheless, there is no guarantee that any solutions obtained are global.
The nominal optimal trajectory of the kite is shown in Fig. 6 . This plot shows the path taken by the kite in inertial coordinates, together with projections of the tether at different instants of time. This illustrates that the optimal trajectory is in the cross-wind direction, with the kite making a series of regular loops. This clearly illustrates that the kite maintains its position in the downwind direction. This is attributable to the large ratio of tether length to lever arm length. Fig. 7a shows the kite angle of attack for the optimal trajectory. The kite operates at close to the maximum angle of attack for most of the trajectory. However, when the lever arm is moving away from the kite position (i.e., into the wind), the angle of attack is lowered to nearly zero. The angle of attack is then increased to a maximum value when the lever arm is approaching the kite. Fig. 7b shows the kite roll angle, which is essentially bang-bang in the angle rate. Fig. 7c shows the variation in energy generated by the system. The results show that the optimal generating cycle is to cease energy generation when the lever arm is directly pointing in the wind direction. The main reason for this can be seen by examining Fig. 7d , which shows that the torque generated by the tether is negative during this period. To minimize this effect, the angle of attack is controlled to reduce the tension to its minimum value, resulting in nearly zero torque from the tether. The average power generated by the system over one cycle is 20.2 kW. 
B. Effect of kite area
The sensitivity of the optimal solution is first examined with respect to the kite area. The optimal solution for the kite area of 25 m 2 is used as the starting point for the analysis. 9 shows the optimal angle of attack, roll angle, and power generated by the system. The results show that above 19 m 2 , the effect of kite area is relatively minor on the optimal trajectories. The main effect is a change in the optimal cycle period. However, there is a "jump" in the evolution of the trajectories for kite areas below 18 m 2 . This causes a significant reduction in the optimal cycling period. The peak power generated per cycle is also significantly reduced. It is interesting to note that the actual angle of attack and roll angle variations are very similar for all trajectories, with an initial drop of the angle of attack when the lever arm passes through the x -axis. Fig. 9c shows that a reduction of the kite area by 40% results in more than a 50 % reduction in the peak power. However, the important measure of efficiency is the average power generated per cycle. This is summarized in Table 1 . These results show a nearly direct relationship of the reduction in average power with the percentage reduction in kite area. In other words, the average power generated by the system per cycle in the optimal case is directly proportional to the kite area (assuming all other parameters are held constant). 
C. Effect of wind speed
The final sensitivity study that is conducted is the effect of wind speed on the optimal trajectories. Fig. 10 shows the evolution of the optimal trajectories as the wind speed is varied between 6.5 m/s and 15 m/s. A similar pattern to the effect of kite area is evident in the results. That is, as the wind speed is decreased from the nominal 15 m/s the kite flies less in the cross-wind direction and more in the vertical direction. The transition occurs between wind speeds of 10 and 11 m/s. 11 shows the optimal variation in kite angle of attack, roll angle, and power generated by the system. The results show that the kite pseudo control inputs are not significantly affected by the wind speed except for low wind speeds (<10 m/s). As the wind speed drops, the minimum demanded kite angle of attack increases, i.e., for a wind speed of 6.5 m/s, the minimum angle of attack is ~6 deg, whereas for 15 m/s the minimum is ~0 deg. This is a result of the minimum tension constraint which maintains the tension above 5 N. The angle of attack cannot be reduced below 6 deg without causing compression in the tether. The variation in power generated over a cycle, shown in Fig. 11c , is significantly influenced by the wind speed. Table 2 summarizes the average power generated per cycle as a function of the wind speed. These results show an approximate cubic relationship between average power and wind speed. The power coefficient of the system, ( )
, is approximately constant at a value of 0.4.
In other words, for a given kite system, the amount of power generated increases with the cube of the wind speed. This tends to indicate that the trajectories are indeed optimal. 
VI. Conclusions
The power generating capability of a rotating vertical axis generator actuated by a kite has been studied using optimal control methodology. A simple model of the system was derived that models the fundamental dynamics of the system. The tether was treated as straight, inelastic and massless. The major limitation of the results is that no tether drag has been included. Results of other studies show that omitting tether drag results in an overestimation of power generation ability, but the nature of the optimal trajectories remain similar. The dynamic model of the system is used to numerically solve for a set of periodic trajectories that maximize the net power generated by the system. The results show a near sinusoidal variation in the power generated over one cycle. The optimal kite trajectory follows a cross-wind pattern for high wind speeds and large kite areas. For lower wind speeds and lower kite areas, the kite tends to move in an elongated ellipse in a plane normal to the wind with the predominant motion occurring in the vertical direction. The average power generated per cycle is proportional to the kite area and the cube of the wind speed.
